The balance equation derived by Sigmund, Oliva, and Falcone [Nucl. Instrum. Methods 194, 541 (1982)] for the evolution with ion fluence of the composition of irradiated polyatomic targets is generalized to include the effect of the implanted bombarding ions and the allowance for the target density to depend on depth. The model also includes atomic mixing, surface recession due to sputtering, and homogeneous target relaxation. As an additional feature in theoretical descriptions of collisional mixing, the need to introduce the effect of the surface in the relocation operator is stressed, and a model for the evaluation of this contribution is proposed. The relocation operators are evaluated in detail for power-law interatomic potentials. We give explicit expressions that are ready for use in numerical solutions of the coupled integro-differentia1 equations that describe the concentration profiles. The potential of the formalism to treat a variety of topics in the interaction of energetic ions with matter is commented upon. In particular, we discuss the conditions for the balance equation to be linear, and results on the evolution with ion fluence of thin markers embedded in solids are compared with other theoretical predictions and with experimental data.
In this paper, the coefficients in the coupled, nonlinear, integrodifFerential set of equations that describe target composition are evaluated for realistic cross sections for recoil and cascade-induced collisional-mixing mechanisms.
The effect of the bombarding ions on mixing has been treated' neglecting the effect of target relaxation. Here, however, the model proposed is generalized to include the effect of the bombarding ions that are implanted in the solid. This adds another important nonlinear effect at high ion Auences. Up to this point, the expanded formalism that we propose to investigate is simply an alternative, but equivalent approach to the one developed by Littmark and Hofer. ' There are, however, some differences in the explicit form of the evolution equation that each group of authors proposes ' and, furthermore, it is of interest to have access to independent calculations of such complicated effects as the ones mentioned in this paper. On top of this, our model explicitly incorporates the target surface into the atomic mixing process.
In our view, the need to introduce the effect of the surface barrier in the relocation function has to be stressed. The surface barrier is a well-established feature' in atomic collision theory, affecting mainly the sputtering event. n n a;(x, P)= g 0;N;(x, g)=1 i=0 i=0 (2) for all x and P. The relocation operator L; is therefore an extension of the one defined in the literature ' ' in that it takes into account the surface effect L;a;(x, P)= f" do;(x -z, z, P)a;(x -z, P)
The second term on the right-hand side accounts for the surface barrier. As in Refs. 6 and 7, the relocation cross sections are defined without considering the surface barrier, which is included through the surface backscattering function W( xx, P). In Eq. (4), do;(x, z, P) is the differential relocation cross section for an i atom, so that dP do, (x, z, g ) is the probability that an i atom is relocated from the layer (x,dx) to the layer (x +z, dz) after the fluence increment dg. The dependence of the cross section on all a, is symbolically contained in P.
The partial sputtering yield of the i atoms, Y;(P), is then given by h (x, P)= g L;a;(x, P)+Boffo(x, E,r), P) .
i=0
The stability condition in Eq. (2) may be made more general and one obtains the relaxation function given in Appendix A. In general, the range distribution Vo(x, E,g, g), the relocation operators L, , and the relaxation function h (x, P) will all depend on the volume atomic fractions a, . (x,P), i =0, 1, , n W. e have expressed this dependence by P in order to simplify the notation. Now we discuss the relocation operator. For a realistic description of semi-infinite media, we explicitly include the effect of the surface and its concomitant surface barrier through the relocation operator L, . One has to deal with those atoms that reach the surface with insufFicient energy to overcome the surface barrier. We introduce a surface backscattering function W( x', xP), such that, at fluence P,
where the first term on the right-hand side represents the sputtering yield without taking into account any surfacebarrier effect; the second term counts all the relocated i atoms that are not able to overcome the surface barrier. We can write Eq. (5) as I;(P) = f dx N; (x, P)cr';(x, P),
where, in an analogous manner to the definition of the sputtering cross section, we define a surface backscattering cross section, cr, " (x, P)., as o, '(x, P)= f dx'W;(x, x', P) .
". (x, P) is the mean number of i atoms, initially located at depth (x, dx), which, being relocated, reach the surface but do not have enough energy to overcome it. Equation (8) relates the relocation, sputtering, and surface-backscattering cross sections. with a sputtering cross section, cr', (x, P), given by o';(x, P)= f do, '(x, z, P) .
dcr'( xz, P) is now the relocation cross section calculated accounting for the surface barrier. Comparing Eqs. (5), (6), and (7) Isotropic cascade mixing refers to the relocation of atoms in the collisional cascades developed in the target by energetic ions and energized recoils. In a polyatomic target, the relocation cross section of i atoms, due to all k atoms, is dcr, (x,z, (t )= g der", (x,z, P) .
k=0 (10)
We introduce' the functions Hk =g H k defined as follows: Per particle of species j, with energy E and direction Q,
is the average number of k atoms, at fiuence P, that cross the plane x, with energy in the interval (Eo, dEO) and direction within the solid angle (Qo, d Qo). In the limit E0 ((E, it has been shown that the recoil distributions H k are isotropic. Then the relocation cross section for this isotropic mechanism will be given by
where do k;(Eo, Qo, T, Q ) is the difFerential energy-transfer cross section in a collision between the atoms k and i; T and Q are, respectively, the energy and the direction of the recoil i atom and Ed, . is a threshold displacement energy for itype atoms. The relocation cross section for the cascade-mixing process is given by expression (11), without considering the effect of the surface barrier. This latter effect will be taken into account through the surface-backscattering function as defined in Eqs. (4) and (5).
In order to determine the surface-backscattering function 8; (x', x, P), we shall first assume that the surface barrier is planar and of height U; thus, those atoms reaching the surface with energy E, and direction O"such that E,~U /cos 0, = U/g, , shall not be able to overcome the barrier. Second, we assume that these atoms that cannot overcome the surface barrier are specularly backscattered without suffering any energy loss at the surface and are consequently slowed down in the solid. With these assumptions, the surface-backscattering function 8;(x,x,P) of the i species is given by g, (x', x, y)=, f d2Q, f, dE, J;(E"Q"x',P)5[x R;(E"P)q,], -1 (12) where R;(E"P) is the path length traveled by an i atom of energy E"at fiuence P. J;(E"Q"x, g)dE, d Q, dx is ' the average number of i atoms recoiling in the layer (x, dx) due to an elastic collision cascade, and reaching the surface (x =0) with energy (E"dE,) and direction (Q"d Q, ) . This function is given by (14) where the projectile is assumed to hit the solid in the direction of the surface normal. P; is the scattering angle for the recoiling i atom. The 6 function comes from the continuous slowing-down approximation along straight lines, for the slowing down of the recoiling particles in the solid. This model may be a poor approximation for light atomic species.
In this recoil-mixing model via direct collision of a projectile with an i target atom (i =0, l, , n), it is not possible for the target atom to be scattered towards the surface, at least for normal incidence of the projectile.
Therefore, in comparison with Eq. (4), the relocation operator L, for this mechanism L, u;(x, P)= f do;(x -z, z, P)a;(x -z, P) 0 do;(x, z, P)a;(x, P) 0 Recoil mixing refers to the relocation of target atoms in direct collisions with the incident ions. Therefore, for this mechanism there is only a contribution from the projectile.
The relocation cross section for an i atom, at depth x, due to a direct collision with a projectile of energy E(x, g), is given by do; (x,z, P)=dz f doo; [E(x, g) Figure 2 shows the sputtering and reAection cross sections versus depth for silicon, as obtained from Eqs. (8) I and (9), with the input specified above. The system and the parameters are the same as in Fig. 1 . The sputtering yield obtained using Eq.(6) is 4.5 for silicon, a result that agrees quite well with experimental data.
One observes in Fig. 2 that o') 0. " in the tail of the distribution, but the reverse holds near the surface. The behavior can be understood in terms of the energy and direction of the recoil atoms. It is well known that those atoms that reach the surface are more focused toward the surface normal the larger the depth where they come from. Those atoms moving at glancing directions contribute mainly to the reAection cross section (E,~U/g, ), whereas the contribution to the sputter cross section is mainly from atoms whose directions are close to the surface normal (E,~U/2), ).
Close to the surface, 0.")o' in Fig. 2 . In the nearsurface region, atoms with any direction are able to reach the surface even if they have low energy. However, the opposite situation o."(o' may occur if the height of the surface barrier is substantially reduced. At large x, however, o.")cr', independent of the height of the surface barrier because of the focusing effect.
The cascade-mixing contribution to the relocation operator L;, given by Eqs. (4), (17), and (19), shows a depletion' around the maximum of the deposited energy distribution 7 and an enrichment region deeper inside.
If the surface-barrier effect is included, a substantial enrichment is obtained in a very small region close to the surface (see Fig 1) ; con.versely, if the surface barrier is removed, then a pronounced depletion due to sputtering is found.
Now we obtain the relocation cross section for the recoil-mixing mechanism from Eq. (14). We have calculated the scattering angle of the recoil particles i, with or without subtracting Fd, -to the transferred energy, and the differences in the calculated relocation cross section are negligible. Therefore, we use the scattering angle cosl(; = [(T -Ed, )/yo, E(x, ( (1) 
(21a) concentration profiles of a platinum marker in a silicon matrix, bombarded with 300-keV Xe. The Pt marker is 10 A wide, and initially located at 600 A. The parameters Ed; and U are the same as in Fig. 1 h(x, P) «1 .
We also expand the relaxation function h (x, P), h(x, P)= gL;a;(x, P) -g(x, P), (A4) (A5) ga;(x, P)= gQ;X;(x, P)=f(x, P) . 
